THE PROJECTIVITY OF EXT (T, A) AS A MODULE OVER E(T) JOSEPH N. FADYN
Let A and T be abelian groups. Then Ext(Γ, A) can be considered as a right module over E(T), the ring of endomorphisms of T. In this paper necessary and sufficient conditions are developed for Ext (T, A) to be JS'ίD-projective whenever T is reduced torsion and A is reduced.
In this paper A and T will be abelian groups and Ext (T, A) will be considered as a right E(T)-modυle. (See [5] .) We consider the question of when Ext (T, A) is a protective 2?(T)-module. Theorems 1 and 2 provide necessary and sufficient conditions for Ext (Γ, A) to be i?(!Γ )-projective whenever T is reduced torsion and A is reduced. It is interesting to note (Theorem 3) 
that if B is any reduced group, a necessary condition for Ext (B, A) to be E(B)-projective is that Ext (B, A) ~ Ext (T(B), A). Hence if Ext (B, A) is £ r (jB)-projective, Ext (B, A) ~ Ext (T(B), A) and Ext (T(B), A) may be considered as an i£(T(Z?))-module, where T(B) is, of course, reduced torsion.
We shall employ the following notations and conventions: The word "group" will always mean "abelian group." We reserve the letter T for a torsion group, and in this case, T p will be the pprimary component of T. For an arbitrary group A, T P (A) is the p-primary component of the torsion part of A. For a ring R and a left JS-module M y τ R {M) will refer to the rank of M as defined in [4] , hd R {M) and id R (M) will refer, respectively, to the homological and injective dimensions of M as defined in [6] . An isomorphism of JS-modules M and N will be denoted by: M ~ N. Other notations will follow [2] , Importantly, whenever we speak of Ext (T, A) as a right i£(T)-module we may assume without loss of generality y that A is reduced as a group. Finally, if A ~ (v) 0 A', and if a e A y we will write, conveniently, when defining an endomorphism a of A: a(v) -α, a = 0 otherwise. We mean, more precisely, that: The isomorphism for (ii) is similar. Lemma 3 computes the injective dimension over E(T) of Ext (T, A) when T is torsion and A is torsionfree: LEMMA 
Let T be torsion and let A be torsionfree. Suppose S is the set of primes for which A is p-divisible. Then: (i ) idj0 (Γ) (Ext (Γ, A)) -0 if and only if for every prime p£ S, T p is either bounded or has an unbounded basic subgroup.
( [9] we know that this holds if and only if the condition (i) of the lemma holds (where T is a p-group, and p g S.) Otherwise, from [1] , we know T has dimension one as an i?(T )-module, and if we take a projective resolution of T and dualize it, applying [8, Lemma 2] again, we obtain an injective resolution for Horn (Γ, DjA), establishing part (ii) of the lemma. LEMMA 
Let A be a reduced group with T P (A) unbounded. Then if M is a right E(A)-module with Hom^A, Z(p°°)) £ M, then M is not E(A)-projective.
Proof We will show that there is no i?(A)-monic map ψ:
for any indexing set B. This will complete the proof. Consider 
where a bj{ eE (A) hji for all j = 1, 2 From this, we easily obtain the relations:
However, this is a contradiction, since the subgroup of A generated by the t 9i , i = 1, 2, 3, is isomorphic to Z(p°°), and A was assumed to be a reduced group. Proof. In [7] it is shown that a torsion group T is a projective left J£(T)-module < = >Γ P is bounded for all p. Now, to prove the equivalence of (i) and (ii), we note first that by Lemma 1 we may assume that T is p-primary. Let T be bounded with minimal annihilator p k and let v generate a cyclic summand of T of order p k . Then Γ^(y)φf, the isomorphism being one of abelian groups. Hence: 
Horn (Γ, (»)) E~] Horn (T, Z(p~)) , is seen to be an E(T) direct summand in E{T) E{T) . If T is not bounded, then Lemma 4 completes the proof. COROLLARY 2. Let T be a torsion group. Then Horn (Γ, Q/Z) is a protective right E(T)-module if and only if for every prime p, T p is either bounded or has an abelian group summand isomorphic to Zip™).

Proof. We may assume that T is p-primary. If T is reduced, the result follows from Corollary 1. If T is not reduced, then T= Z(p°°) ©Γ for some group T', and it is clear that Horn (T, Z(p°°)) is an E(T)-άirect summand in E{T) E{T) .
COROLLARY 3. Let A be a torsion free group of finite rank, and let T be a torsion group. Further, let S be the set of primes for which A is p-divisible. Then Ext (Γ, A) is a protective right E(T)-module if and only if for every prime p& S, T p is either bounded or has an abelian group summand isomorphic to Z{p°°
(T)-direct summand in E(T) mτ) .
LEMMA 6. Let V be a vector space of infinite dimension over a field k, and E = End(V). Let H = Horn (V, © iez V). Then H is not projective as an E-module if \I\ > dim(F).
Proof. We first note that if F is a countable subset of H, then F is contained in a cyclic submodule of H. To see this, let W be a subspace of © ie/ 7 containing f{V) for all feF, and such that dim(T7) = dim(F). We may regard Hom(F, W) as an £7-submodule of H and this submodule certainly contains F. Since W a V, Hom(F, W)~E.
We next note that any module with the above property cannot have an infinite direct sum decomposition (clearly). Now if H were projective, it would be a direct sum of countably generated submodules (by Kaplansky's theorem in [3] ). Since H is clearly not countably generated, this would mean that it had an infinite direct sum decomposition, which, as we have just seen, it does not. 
] is viewed as a vector-space over ZjpZ). Let H = Horn (Γ, U), regarded as an E(T)-module t where U is a direct sum of m copies of Z(p°°), for some m, m > n. Then H is not a projective E(T)-module.
Proof. Let E = End (T/Tlp^1]).
There is a natural map End(Γ)->J^ (since T[p k "*] is a fully invariant submodule of T) which is clearly surjective. If / is the kernel of this map of rings, (so J={/eEnd(Γ):/(Γ)^ 
